We report on the detection of very stable modulations with periods unexpectedly (∼0.5 %) longer than superhump periods during the slowly fading stage of WZ Sge-type superoutbursts in three systems, GW Lib, V455 And and WZ Sge. These periods are naturally explained by assuming that these modulations are superhumps arising from matter near the tidal truncation radius. This finding provides an additional support to the hypothetical idea of expansion of the accretion disk well beyond the 3:1 orbital resonance in some low mass-ratio systems. Combined with the effect of 2:1 resonance, we present an explanation of the origin of positive period derivatives in certain short-period SU UMa-type dwarf novae.
Introduction
Dwarf novae (DNe) are a class of cataclysmic variables (CVs), which are close binary systems consisting of a white dwarf and a red-dwarf secondary transferring matter via the Roche-lobe overflow. SU UMa-type dwarf novae are a class of DNe, which show superhumps during their long, bright outbursts (superoutbursts) [see e.g. Vogt (1980) ; Warner (1985) for basic observational properties]. The origin of superoutbursts and superhumps in SU UMa-type dwarf novae is basically understood as a consequence of thermal and tidal instabilities in the accretion disk (Osaki 1989; Osaki 1996) , the latter being excited by the 3:1 orbital resonance in the disk (Whitehurst 1988; Hirose, Osaki 1990; Lubow 1991) . The basic observational properties of ordinary SU UMa-type dwarf novae have well been reproduced by this picture.
WZ Sge-type dwarf novae (see e.g. Bailey 1979; Downes 1990; Kato et al. 2001 ) are a subgroup of dwarf novae characterized by large-amplitude (typically ∼ 8 mag) superoutbursts with very long (typically ∼ 10 yr) recurrence times. Although WZ Sge-type dwarf novae are recognized as a subgroup of SU UMa-type dwarf novae, WZ Sgetype dwarf novae are known to have a number of properties hardly, but not necessarily exclusively, observed in "textbook" SU UMa-type dwarf novae. These properties include: (1) the presence of early superhumps (Kato 2002) , (2) (sometimes repetitive) rebrightenings (Kato et al. 2004a) , (3) nearly constant to positive period derivative (P dot =Ṗ /P ) of superhumps (Kato et al. 2001; Kato et al. 2003) , and (4) long-lasting fading tails.
The implication of phenomenological relations between some of these properties was first addressed by Kato et al. (1998) [see also Kato et al. (2004a) for more discussions]. Kato et al. (1998) presented an idea that the accretion disk can expand beyond the 3:1 resonance during energetic outbursts in low mass ratio (q = M 2 /M 1 ) systems exemplified by WZ Sge-type dwarf novae. They argued that the matter beyond the 3:1 resonance can serve as a reservoir supplying matter to the inner disk resulting rebrightenings, and the eccentricity wave propagating outward the 3:1 resonance can explain positive P dot of superhumps. This idea thus has a possibility to naturally explain many of peculiar properties of WZ Sge-type dwarf novae. Hellier (2001) further introduced an idea of decoupling of thermal and tidal instabilities beyond the 3:1 resonance, and extended the application to ER UMa-type dwarf novae, another subclass of SU UMa-type dwarf novae with similarly low q.
In line with these ideas, Osaki, Meyer (2002) and Osaki, Meyer (2003) presented an overview of an WZ Sge-type outburst based on the disk-instability model of SU UMatype dwarf novae (Osaki 1989; Osaki 1995) , and proposed a new conceptual scheme of classifying SU UMatype dwarf novae based on q and achievable disk radius. Osaki, Meyer (2003) also explored the dependence of outburst properties on the matter reaching beyond the 3:1 resonance, and presented a scheme of understanding a variety of superoutbursts. The expanded disk beyond the 3:1 resonance in WZ Sge-type dwarf novae and related objects has thus been favored by theoretical sides. Observational evidence, however, for such an expanded disk had long been rather scarce [see Kato et al. (2004a) for description of historical observations], while the recent discovery of different P dot of superhumps in a variety of superoutburst in the same system (Uemura et al. 2005) well matched the scenario by Osaki, Meyer (2003) , thus strengthening the expanded disk beyond the 3:1 resonance. The infrared excess during the late stage of WZ Sge-type outbursts (e.g. Uemura et al. 2008a; Uemura et al. 2008b ) also supports this idea.
In 2007, two spectacular superoutbursts of WZ Sgetype dwarf novae, namely GW Lib and V455 And occurred (Waagen et al. 2007; vsnet-alert 9530) . During the later course of these outbursts, we discovered "late superhumps" with unexpectedly long periods and with exceptionally high coherence and stability in their periods. In this letter, we present an interpretation of these late superhumps originating from the very matter beyond the 3:1 resonance.
Late Superhumps in GW Lib and V455 And
Both outbursts of GW Lib and V455 And were extensively observed photometrically by the VSNET Collaboration using a network of small telescopes (Kato et al. 2004b) . The details of these observations will be presented in separate papers. In addition to early superhumps signifying the WZ Sge-type dwarf nova (in V455 And), ordinary superhumps during the superoutburst plateau (in GW Lib and V455 And), we detected additional hump features persisting after the termination of the superoutburst plateau. The periods of the last modulations were substantially longer than those of orbital periods, and even longer than those of ordinary superhumps, ruling out the possibility of modulations arising from orbital humps. After detecting unequivocal signals in GW Lib and V455 And, we reanalyzed the archival data of the 2001 outburst of WZ Sge (cf. Ishioka et al. 2002) and detected a corresponding signal.
1 The representative periods of these late superhumps are summarized in table 1. Figure 1 shows a comparison of averaged profiles of late superhumps in these three WZ Sge-type dwarf novae. Figure 2 shows nightly profiles of late superhumps in GW Lib. Although the figure covers 18 d (∼330 cycles), the stability of the hump phases is striking. The period changes were almost absent, or the variation was even more exactly periodic than ordinary superhumps. The stability of the periods was less convincing in higher inclination systems V455 And and WZ Sge due to the strong overlapping orbital signals, though the O − C diagram shown in Patterson et al. (2002) suggests a similar degree of stability.
Interpretation of WZ Sge-Type Late Superhumps
The most striking feature of late superhumps common to all three WZ Sge-type dwarf novae is their long peri- ods. The fractional superhump excesses (ǫ = P SH /P orb −1) lie between 1.2% and 1.7%, typically ∼0.5% longer than the ordinary superhump period of the respective object. These very long periods are hard to understand, since period excesses are generally understood to arise from a precessing eccentric disk (Osaki 1985; Hirose, Osaki 1993) , whose angular velocity (ω p ) has radial dependence of ω p ∝ R 3/2 d , where R d is the radius of the accretion disk (Osaki 1985) , and the disk is expected to have shrunken after the outburst 2 . The situation, however, drastically varies by simply assuming the accretion disk beyond the 3:1 resonance contributes to these late superhumps. Using the radial dependence of ω p and assuming that ordinary superhumps arise from the radius of 3:1 resonance (R 3:1 ), we can es-2 Howell et al. (1996) suggested an interpretation assuming the expansion of the disk beyond the radius of 3:1 resonance in a different context of disk evolution. Ishioka et al. (2002) timate the radii where these long-period late superhump originate.
3 In these calculations, we adopted mean period of ordinary superhumps (in table 1) near the onset of the superoutburst plateau, when superhump period is expected to reflect the precession rate at a radius close to R 3:1 (Uemura et al. 2005) . We used the typically adopted q = 0.050(15) for WZ Sge (cf. Patterson et al. 2005 ) and rescaled ǫ of other objects into q using the relation in Patterson et al. (2005) . The following discussion is not very sensitive to these assumptions.
The estimated radii are shown in figure 3 . The estimated disk radii of all three WZ Sge-type dwarf novae are located close to the tidal limit. The result strongly suggests that these late superhumps are better understood to arise from at large radii rather than classical late superhumps reflecting the luminosity 'hot spot' as in Vogt (1983) . The high stability of the periods can be naturally understood as the result of outer disk radius fixed at the tidal limit. As discussed in Osaki, Meyer (2003) , tidal truncation simply inhibits the disk to expand beyond the corresponding radius but does not cause the disk to contract below this limit. This action provides a favorable condition to maintain the constant precession rate (i.e. period) for a long time.
Positive Period Derivatives of Superhumps -Toward Unified Picture of Variety of Superoutbursts
Some of WZ Sge-type dwarf novae and short-period SU UMa-type dwarf novae show positive P dot of ordinary superhumps (Kato et al. 2001; Kato et al. 2003) . Uemura et al. (2005) interpreted that this period increase reflects Murray (2000) has pointed out that the simple analytical precession rate as in Osaki (1985) is inadequate. The radial dependence given in Murray (2000) gives slightly (10-20% expressed in R d /R 3:1 ) smaller radii than those listed in table 1. Smith et al. (2007) reported from numerical simulations that observed superhump period reflects a radius slightly smaller than that of R 3:1 , which difference could bring a similar order of uncertainty. For simplicity, we simply used the radial dependence in Osaki (1985) and R 3:1 for rescaling the observed periods into radii as the first approximation since q and other parameters have comparable uncertainties. 3:1 resonance 2:1 resonance tidal limit lobe limit Fig. 3 . Disk radii corresponding to periods of late superhumps in WZ Sge-type dwarf novae. The lines of 3:1 and 2:1 resonances, and the tidal limit are the same as in Osaki, Meyer (2002) . The lobe limit represents the minimum radius of the Roche lobe on the orbital plane. The estimated disk radii of three WZ Sge-type dwarf novae are located close to the tidal limit.
the propagation of eccentricity wave beyond the R 3:1 [see also Kato et al. (1998) ]. It was unclear, however, what regulates the wave propagation.
We here propose that the 2:1 resonance occurring in the outermost disk governs the range where 3:1 resonance can appear. Following the discussion in Osaki, Meyer (2003) , the 2:1 resonance suppresses the growth of 3:1 resonance. In extreme cases as in the early stage of WZ Sge-type superoutbursts, the 2:1 resonance can be strong enough to entirely suppress the 3:1 resonance. As the superoutburst proceeds and the matter is swept from the outer region, this effect weakens and enables the 3:1 resonance to grow in the inner region. As a natural extension to this interpretation, we consider that the strength of the 2:1 resonance determines the limit of radius inside which eccentricity can grow. When this radius is smaller than R 3:1 , ordinary superhumps cannot grow [this corresponds to the delay in appearance of ordinary superhumps in WZ Sge-type dwarf novae (Osaki, Meyer 2003) ].
Ordinary superhumps grow when this limit becomes larger than the radius of the 3:1 resonance. Subsequent behavior will depend on the mass and state of the disk beyond R 3:1 . In extreme cases as in typical WZ Sgetype dwarf novae, the strength of the 2:1 resonance can be strong enough to accrete much of the matter beyond R 3:1 (as in the snow-plowing effect in SU UMa-type superoutburst, Osaki 1989), leading to a cold, low-mass disk outside R 3:1 . Even if the eccentricity wave can propagate into this region, it would not produce a strong superhump signal. This could explain why P dot is almost zero in most WZ Sge-type dwarf novae. In less extreme cases with similar or slightly larger q but with weaker 2:1 resonance (assuming that the disk can transiently expand beyond the tidal truncation radius, see also Osaki, Meyer 2003) , the resonance itself or its effect diminishes before the matter beyond R 3:1 is efficiently cleared. In such cases, still ionized sufficient matter beyond the 3:1 resonance could produce ordinary superhumps with increasing periods as the limit moves outward. The recent discovery of shortlived early superhumps and positive P dot in a larger qsystem, BC UMa (Maehara et al. 2007) , as well as an earlier example of RZ Leo (Ishioka et al. 2001) , supports this idea. In most SU UMa-type dwarf novae with larger q, the mass beyond R 3:1 is too small to show increasing periods regardless of the condition of the 2:1 resonance. This interpretation can explain why systems with large positive P dot are restricted to a relatively small region with intermediate orbital periods.
This interpretation, as in Osaki, Meyer (2003) , proposes that suppression of the 3:1 resonance by the 2:1 resonance is the significant cause of long delays of appearance of ordinary superhumps in WZ Sge-type superoutburst, rather than the effect of slow growth of the 3:1 resonance in small q systems in traditional view (Osaki 1996) . In systems that somehow enables 2:1 resonance, this interpretation predicts variable delay times of appearance of ordinary superhumps even in the same object depending on the disk mass at the onset of superoutbursts (Osaki, Meyer 2003; Uemura et al. 2005) . If the growth rate of the 3:1 resonance depending q is the main factor determining this delay, such variation would not be expected. This prediction seems to be confirmed by past observation in SW UMa (q = 0.11, Patterson et al. 2005) : the delay was 6-11 d for a very bright (m v = 9.6 at maximum) superoutburst in 1986 (Robinson et al. 1987 ), 5-6 d for a bright (m v = 10.1) one in 2006 September (vsnet-alert 9018) while it was only ≤3 d for the 2002 one (Kato et al. 1992 , m v = 10.8 at maximum). Systematic future observations of superoutbursts of various scales will be a key in testing this interpretation.
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